HOMOMORPHISMS OF TRANSFORMATION GROUPS(})

BY
~ ROBERT ELLIS AND W. H. GOTTSCHALK

Introduction. Let (X, T) be a transformation group with compact phase
space X and with arbitrary phase group 7. We first point out in Theorem 1
that there exist least invariant closed equivalence relations Sz and S, in X
such that T is distal on X I Siand T is equicontinuous on X I Se. This permits,
so to speak, the dividing out of certain more complicated parts of a trans-
formation group. The application of this process to properties other than dis-
tal and equicontinuous is indicated by Remark 8. Theorem 2 then relates the
structure relations Sg and S, with the proximal and regionally proximal rela-
tions of (X, 7). Theorem 3 says that these four relations all coincide if
(X, T) is locally almost periodic. The concluding remarks-show how any trans-
formation group with compact phase space and noncompact phase group
gives rise in a natural way to a compact topological group, called its structure
group. Such transformation groups, in particular minimal sets, are thus par-
tially classifiable according to their structure groups. As a general reference
for the notions occurring here, consult [4].

DerFINITION 1. Let (X, T, 7) and (Y, T, p) be transformation groups with
the same phase group T. A homomorphism of (X, T, ) into or onto (Y, T, p)
is defined to be a continuous map ¢ of X into or onto Y such that t&T
implies 7'p =¢p!, or in the condensed notation, such that xEX and t&T
implies xt¢p =x¢t. A homomorphism which is at the same time a homeomor-
phism is called an isomorphism. Of course, any intrinsic property of trans-
formation groups is preserved under isomorphisms onto. See [4, 12.51 and
12.54] for a nontrivial example of a homomorphism taken from symbolic
dynamics.

Standing notation. Throughout (X, T, ) and (¥, T, p) will be transforma-
tion groups with compact (bicompact Hausdorff) phase spaces X and ¥, and
¢ will be a homomorphism of (X, T) onto (Y, T).

DEFINITION 2. If f: M—N, then f: MX M—N XN is defined by (m, ms)}f
= (m.f, maf) for (m1, m2) © M X M; when no ambiguity is possible, we some-
times write (m1, m,)f instead of (m, mz)f'. If FCN™, then F denotes [f|f€F];
when no ambiguity is possible, we sometimes write AF in place of AF
= [af|a€4 and fEF] where ACM X M.
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REMARK 1. The map ¢ is a homomorphism of (X XX, T) onto (Y XY, T),
where (X XX, T) denotes the squared transformation group defined by the
condition that (x1, x;) EX XX and tET imply (x1, x2)t = (%12, x3t).

REMARK 2. Let R be an invariant closed equivalence relation in X, and
let X be the canonical map of X onto X lR. Then N is a homomorphism of
(X, T) onto (X [ R, T), where (X | R, T) denotes the partition transformation
group defined by the condition that x&X and ¢&T imply (xR)t=(xt)R.
That R is invariant closed means R is an invariant closed subset of the phase
space of (XXX, T). As usual X IR denotes the partition [lexEX ]Jof X
provided with the quotient topology.

REMARK 3. Let R =Ay¢™!, and let u: ¥ o X IR be defined by yu
=y¢~! (y&Y). Then u is an isomorphism of (¥, T) onto (X IR, T). Here Ay
denotes the diagonal of Y X Y. This remark, together with Remark 2, shows
that homomorphic images of transformation groups and partition transforma-
tion groups are simply different ways of speaking of the same thing. For con-
venience, we shall sometimes use one language rather than the other.

REMARK 4. Let R, and R; be invariant closed equivalence relations in X
such that Ry CR,, and let A be the canonical map of X |R1 onto X le. Then
N\ is a homomorphism of (X | Ry, T) onto (X |R2, 7).

REMARK 5. Let ((X;, T)|4€1I) be a family of transformation groups with
the same phase group 7T, for each 1€ let \; be a homomorphism of (X, T)
into (X;, T) such that ()\;I 1E&I) separates points of X, and let N\: X— Xer X
be the map such that *€X implies A = (x\;|sET). Then \ is an isomorphism
of (X, T) into ( Xser X4, T), where ( X;er X, T) denotes the cartesian prod-
uct transformation group defined by the condition that (x;] 1€l E Xier X
and t&T imply (x.-l tENt=(xt|1C€I).

DEerINITION 3. The transformation group (X, T) is said to be distal in
case %1, x2EX with x;#x, implies the existence of an index « of X such that
(%12, x:t) o for all t&T. The space X, being compact, has a unique com-
patible uniformity. The transformation group (X, T) is said to be equicon-
tinuous or uniformly equicontinuous, in case the transition group G = [1r‘| tET]
has this property. It is readily proved that uniformly equicontinuous implies
distal, but not conversely. (Consider a quasirotation of an annulus, the in-
dividual circles spinning at different rates.) It is known [4, 4.38] that these
three properties of (X, T) are pairwise equivalent: equicontinuous, uni-
formly equicontinuous, almost periodic.

REMARK 6. If (X, T) is [distal] [equicontinuous] and if Z is an invariant
subset of X, then (Z, T) is [distal] [equicontinuous].

REMARK 7. Let ((X;, T)|1IEI ) be a family of [distal] [equicontinuous]
transformation groups with the same phase group. Then ( X ;er X, T) is also
[distal] [equicontinuous].

LEMMA 1. Let I be a set, for each i< I let R; be an invariant closed equivalence
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relation in X such that T is [distal] [equicontinuous] on X|R;, and let
R=0Njer Ri. Then R is an invariant closed equivalence relation in X such that
T is [distal] [equicontinuous] on X|R.

Proof. It is readily verified that R is an invariant closed equivalence rela-
tion in X. By Remark 4, for each ¢&/ the canonical map \; of XIR onto
XIR,- is a homomorphism of (XIR, T) onto (X]Ri, T). By the definition of
R, ()\;IiEI ) separates points of X | R. By Remark 5, there exists an isomor-
phism X of (X| R, T) into ( Xer X| R, T). By Remark 7, ( Xier X| Ry, T) is
[distal] [equicontinuous]. By Remark 6, ((X|R)\, T) is [distal] [equi-
continuous]. Hence, (XIR, T) is [distal] [equicontinuous].

THEOREM 1. There exists a least invariant closed equivalence relation S in X
such that T is [distal] [equicontinuous] on X|S.

Proof. Let (R,~| 1& 1) be the family of all invariant closed equivalence rela-
tions R in X such that T is [distal] [equicontinuous] on X|R. Such exist;
for example, take R=X X X. Define S=0;er R;. The conclusion follows from
Lemma 1.

DeriniTION 4. The least invariant closed equivalence relation S in X
such that T is distal on X l S is called the distal structure relation of (X, T)
and the corresponding transformation group (X IS, T) is called the distal
structure transformation group of (X, T). We may denote the distal structure
relation of (X, T) by S (distal; (X, T)) or S (distal; X) or Sx (distal) or
S (distal). Completely analogous definitions hold if “distal” is replaced by
“equicontinuous.” Clearly, .S (distal) C.S (equicontinuous); the inclusion may
be proper. [Consider a quasirotation. ]

REMARK 8. Our primary concerns in this paper are the distal and equi-
continuous structure relations. However, we observe that the properties
distal and equicontinuous may be replaced in Theorem 1 and Definition 4
by any other property which satisfies Remarks 6 and 7.

ExampLE 1. Let A, B, C be concentric circles in the plane with radii
1, 2, 3. Let X be the union of 4, B, C together with a counterclockwise spiral
from 4 to B as limit sets and a counterclockwise spiral from B to C as limit
sets. Let C be provided with the topology induced by that of the plane. Let
T =4, the additive group of all integers with its discrete topology, and let 7!
be the homeomorphism of X onto X which is a spin of 1 radian on 4, B, C
and which increases angular coordinates by 1 radian for points on the spiral.

DerFINITION 5. The points x and y of X are said to be proximal (each to
the other) provided that if « is an index of X, then there exists & T such that
(xt, yt)Ea. The proximal relation of (X, T), denoted P(X, T) or P(X) or
Px or P, is defined to be the set of all couples (x, ¥) €EX XX such that x is
proximal to y. We observe P =,cq aT where U is the uniformity of X. The
proximal relation P is invariant reflexive symmetric but not necessarily
transitive nor closed [see Example 1]. The points x and y of X are said to be
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distal (each from the other) provided that x is not proximal to y. The trans-
formation group (X, T) is distal if and only if P =A, that is, every two differ-
ent points of X are distal.

DEFINITION 6. The points x and y of X are said to be regionally proximal
(each o the other) provided that if U, V are neighborhoods of x, y, and if «
is an index of X, then there exist x,E U, €V, and t& T such that (x:i¢, yit)
Ea. The regionally proximal relation of (X, T), denoted Q(X, T) or Q(X)
or Qx or Q, isdefined to be the set of all couples (x, ¥y) EX XX such that xisre-
gionally proximal to y. We observe Q =MN.,cq [@T ]~ where U is the uniform-
ity of X. The regionally proximal relation Q is invariant closed reflexive
symmetric but not necessarily transitive [see Example 1]. Clearly PCQ;
the inclusion may be proper [see Example 1]. The points x and y of X are
said to be regionally distal (each from the other) provided that x is not re-
gionally proximal to y. The transformation group (X, T) is equicontinuous
if and only if Q=A, that is, every two different points of X are regionally
distal. Note that the (uniform) equicontinuity of (X, T) is equivalent to the
condition that for each a €U there exist BEU such that T Ca.

DerFINITION 7. If tET, then 7t: X—X is a homeomorphism of X onto X
which is called the transition of (X, T) induced by t. The set [r‘ItET] of all
transitions of (X, T) is a group of homeomorphisms of X onto X, which is
called the transition group of (X, T), and which is denoted by G(X, T) or
G(X) or Gx or G.

REMARK 9. Let XX denote as usual the cartesian power with base X and
exponent X, that is, X¥ is the set of all maps of X into X. Let X¥ be provided
with its cartesian product topology and its cartesian product uniformity, or
what is equivalent, with its point-open topology and its point-index uni-
formity. Convergence in XX thus means pointwise convergence on X. The
theorem of Tychonoff tells us that XX is compact. Now XX is also a multipli-
cative semigroup. Even though not all elements of XX are continuous, it has
turned out [2] that the compact semigroup X% is useful in the study of the
transformation group (X, T). Moreover, the multiplication in X¥ is in gen-
eral not continuous but has certain notable continuity properties. They are:
each left multiplication in XZ is continuous on XX, and each right multipli-
cation in XX with multiplier continuous on X is continuous on XZX. This may
be proved as follows: If £, nE XX, if (n.~| 1€1) is a net in XX such that 5;—1,
and if x€ X, then xfn,—xty always and xn.£—xnf whenever £ is continuous on
X. In particular, each right multiplication in X¥ with multiplier in G is
continuous on X%,

DEFINITION 8. The enveloping semigroup of (X, T) denoted E(X, T) or
E(X) or Ex or E, is defined to be the closure G in XX of the transition group
G of (X, T). The enveloping semigroup E of (X, T) is thus a compact semi-
group in XX, Clearly, E is compact. To see that E is a semigroup, argue as
follows. If nEG, then En=Gn=[Gy]-=G=E since G is a group and right
multiplication by % is continuous. Thus EGCE. If {¢€E, then {E=§(G
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= [¢G]-C E=E by the preceding statement and the fact that left multiplica-
tion by £ is continuous. Thus EECE. Each left multiplication in E is con-
tinuous on E, and each right multiplication in E with multiplier in G is
continuous on E.

LeEMMA 2. The following statements hold:

(1) If x€X and of T is recursive at x, then T is recursive at x¢.

(2) If T is pointwise recursive on X, then T is pointwise recursive on Y.

(3) If T is recursive on X, then T is recursive on Y.

(4) If T is distal on X, then T is distal on Y.

(5) If T is equicontinuous on X, then T is equicontinuous on Y.

(6) If xEX, then [xT]~¢p=[x¢T]".

(7) If X is minimal under T, then Y is minimal under T.

(8) Px¢C Py; the inclusion may be proper.

(9) QxdC Qy; the inclusion may be proper.

(10) There exists a unique map ¥ of Gx into Gy such that t&T implies
w=pt. The map ¥ is a uniformly continuous group homomorphism of Gx
onto Gy such that

£ € Gx implies Eod = ¢ o (&)).

(11) There exists a unique map 0 of Ex into Ey such that 0 is continuous and
0 extends . The map 0 is a uniformly continuous semigroup homomorphism of
Ex onto Ey such that §EEx implies £ o p=¢ o (£9).

Proof. (1) Let V be a neighborhood of x¢. Choose a neighborhood U of x
such that UpC V, and choose an admissible subset 4 of T such that xA CU.
Then x¢pA =xAdpCUpC V.

(2) Since ¢ maps X onto Y, statement (2) follows immediately from
statement (1).

(3) Let B8 be an index of Y. Since ¢ is uniformly continuous, there exists
an index a of X such that x€X implies xa¢p CxpB. Choose an admissible sub-
set A of T such that x&X implies x4 Cxa. Then xEX implies xp4A =xA4¢
Cxa¢p CxpB. Hence y& Y implies yA4 CyB.

(4) It is known [2, Theorem 1] that for a transformation group (X, T)
with compact phase space, T is distal on X if and only if T is pointwise al-
most periodic on X X X. Since ¢ is a homomorphism of the transformation
group (XXX, T) onto the transformation group (¥ XY, T), the desired
conclusion follows from (2).

(5) It is known [4, 4.38] that for a transformation group (X, T) with
compact phase space, T is equicontinuous on X if and only if T is almost
periodic on X. The desired conclusion now follows from (3).

(6) If xEX, then [xT]-¢=[xT¢]-= [x¢T]~.

(7) If xEX, then [x¢pT]-=[xT]¢=X¢=7.

(8) Let (%1, x;) EPx. Let 8 be an index of Y. Choose an index « of X so
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that a¢CpB. There exists t&T such that (xif, x:f)Ea. Then (x:1, x:0)¢
= (x10¢, X:Pt) = (wrtd, Xobp) = (%1, x2t)$EadpCP. Hence (x1, x2)$EPy. See
Example 2.

(9) Let (x1, x2) EQx. Let V1, V, be neighborhoods of x1¢, xs$, and let B
be an index of ¥. Choose neighborhoods Ui, U; of %1, x; and an index a of X
so that U1 C Vi, UxpC Vs, and ad CB. There exist 2:E Uy, 2:E Us, and tET
such that (zif, z:t) Ea. Then 210 E UipC V1, 20 E UspC Ve, and (219, 200)¢
= (28, 2:t)$EadCP. Hence (x1, x2)$ EQy. See Example 2.

(10) Let ¢, s€T such that w*==*. We show pt=p*. If xEX, then x¢p*
=xmwip =xm'dp =x¢p*. Since ¢ is onto Y, it follows that y& ¥V implies yp*=yp®,
whence p*=p*. The unique existence of ¥ is now proved.

The map ¥ is clearly onto Gy. The map ¢ is a group homomorphism since
t, sET implies (1t o w* )Y =wY=p®=pt 0 p*=(r%Y) o (v). Now t& T implies
mop=¢0pt=¢ omy. That is to say, E&Gx implies Eop=¢ o &Y.

We show ¢ is uniformly continuous. Let N be a finite set, for each nEN
let ¥, €Y, and let 8 be an index of Y. For each n& N choose x,EX so that
%2¢ =¥, and choose an index a of X so that a¢ CB. Let ¢, sET such that
n € N implies (x,7, x,m) € a. Then n € N implies (Ya(7%), ya(7%Y))
= (Yup*, Yup*) = (Xahp', Xapp®) = (Xa™'}, Xam'd) Ead CP. The proof is completed.

(11) Since Gx is dense in Ex and Ey is a complete separated (indeed,
compact) uniform space, and y¥: Gx—Ey is uniformly continuous, the unique
existence of 6 is assured. That 0 is uniformly continuous follows either from
the uniform centinuity of ¢ or the compactness of Ex. Since Ex is compact
and hence Gxf is closed, we have Exf=Gx0D [Gx8]~ =Gy =Ey.

Let ¢EEx. Choose a net (E,-IiEI) in Gx so that §,—&. If x€X, then
xEi—xf, (xt)p—(xb)p=x(E09), (xt)p=x(kiod)=x(po (E¥))=(x¢)(EN)
= (W)((g’)—*(x@ (80) =x(p o (89)), and x((o¢)=x(¢po (§0)). Hence {0
=¢o .

Let £€EEx and nEGx. We show (£ 0 1)0=£0 o 78. Choose a net (¢]|i€1)
in Gx so that £,—¢. Then £, 09—t on and (¢ 09)0— (£ on)0. Also (£;017)8
=& oy =EY omp=E8 omp—iE0 oy =40 o 1. Hence (£ 0 )0 =£0 o 7f.

Let tEEx and nEEx. We show (£ 0 9)0=£0 o 58. Choose a net (n,-IiGI)
in Gx so that n;—n. Then £o7;—f 079 and (£ 0 9:,)0—(£ 0 9)0. Also (£ 0n:)0
=£0 o 7.0—E0 o 0. Hence (£ 0 7)0 =% o nf.

ExampLE 2. Let X=[a|0=<a=<1]X|[0, 1], let X be provided with the
topology induced by the natural topology of the plane, let T'=49 where 9 de-
notes the additive group of all integers with its discrete topology, and let
(e, 0)wt=(a? 0) and (a, 1)7'=(a?, 1) (0=<a =1). Let Y be the space obtained
from X by identification of the points (0, 0) and (0, 1), let ¢ be the natural
map of X onto X, and let p be defined in the evident way so that ¢ is a homo-
morphism of (X, T, w) onto (Y, T, p).

Standing notation. Throughout ¢ will denote the canonical map of Gx
onto Gy and 0 will denote the canonical map of Ex onto Ey induced by ¢
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according to (10) and (11) of Lemma 2. Note that Y and 6 do not depend
upon ¢ itself but are uniquely defined once the existence of a homomorphism
of (X, T) onto (Y, T) is established.

REMARK 10. Let R, and R, be invariant closed equivalence relations in X,
such that RyCR.. If T'is [distal] [equicontinuous] on X | R; then T is [distal]
[equicontinuous] on Xl R,.

REMARK 11. Let R be an invariant closed equivalence relation in X.
Then: (1) T is distal on X|R if and only if RDS (distal); (2) T is equi-
continuous on XIR if and only if RDS (equicontinuous).

REMARK 12. (1) S (distal) DP; the inclusion may be proper. (2) S (equi-
continuous) DQ; the inclusion may be proper [see Example 1].

LeMMA 3. Let M be a nonvacuous compact Hausdorff space with a multi-
plicative semigroup structure such that all left multiplications in M are continuous
on M. Then: (1) M contains at least one idempotent. (2) If M has a right unity
element e, then M is a group if and only if e is the only idempotent in M.

Proof. (1) See [2, Lemma 1].

(2) The necessity is clear. We prove the sufficiency. Let e © M. Then
aM is a nonvacuous compact subset of M, and aM is semigroup since
(@M)(aM)C(aeM)M=a(MM)CaM. By (1) there exists an idempotent % in
aM. Thus u=ab for some b& M. Since #=e by hypothesis, we have shown
that a has a right inverse, namely b. The proof is completed.

LeEMMA 4. If x, yEX, then (x, y) EP if and only if xE =y for some ECE.
In symbols, P=AE1,

Proof. Suppose x£ =y¢ for some £EE. Let a be an index of X. Choose a
neighborhood U of xf=9y¢ so that UX UCa. There exists n&G such that
#n& U and yn &€ U whence (xn, y7) E UX UCa. Thus (x, y) EP.

Suppose (x, y) ©P. Let U be the uniformity of X. For each a&U define
F.=[n|1€G and (xn, yn) Ea]. Define = [F.|aEu]. Now  is a filter base
on the compact space E and hence there exists £ ENF. Assume x£5 y£. Choose
a symmetric index a of X so that (xf, y£)&a?. Since {¢EF,, there exists
n€E Fq such that xn&xfa and ynEyéa. Therefore

(x, y£) = (x&, xn) (xn, yn) (ym, ¥8) € &
which is a contradiction. Hence x{ =9¢.
LEMMA 5. The transformation group (¥, T) is distal if and only if Px$=Ay.

Proof. Suppose Px$ =Ay. It is known [2, Theorem 1] that (¥, T) is distal
if and only if Ey is a group. By 2 of Lemma 3, Ey is a group if and only if the
identity map of Y is the only idempotent in Ey. Let » be an idempotent in
Ey. The proof that (¥, T) is distal will be completed when we show that v
is the identity map of Y. By (11) of Lemma 2, #§—! is a nonvacuous compact
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semigroup in Ex. By (1) of Lemma 3 there exists an idempotent % in 261,
By Lemma 4, (xu, x) € Px for all x € X since (xu)u =xu?=xu. By hypothesis,
therefore, xu¢ =xu. By (11) of Lemma 2, x € X implies x¢v =xu¢ =x¢. Hence
yE€ Y implies yv =7, and v is the identity map of Y.

Suppose (¥, T) is distal. Using (8) of Lemma 2 it follows that Ay =Axé
CPx¢CPy=Ay. Hence Pxd=Ay.

DEeFINITION 9. Let M and N be topological spaces, and let f: M—N.
For x € M, the oscillation of f at x, denoted w(f; x), is defined to be [xf]
XN[.f]~, which is a subset of N X N. The symbol 91, denotes the neighbor-
hood filter of x& M, and N[N.f]~ is the adherence of the filter base 91.f on
N. The oscillation of f, denoted w(f), is defined to be U.cx w(f; x). If Fis a
set of maps of M into N, then the oscillation of F, denoted w(F), is defined to
be User w(f). Suppose N is regular. We observe that if f is continuous at x,
then w(f; x) CAy; if f is continuous on M, then w(f) CAw; if each member of
F is continuous on M, then w(F) CAy; the converses all hold if N is compact.
These notions are closely related to similar notions in real analysis. Just
as in the classical case, oscillation is a measure of discontinuity.

DerFiNITION 10. The oscillation of (X, T), denoted (X, T) or Qx or Q, is
defined to be the oscillation w(E) of the enveloping semigroup E of (X, T).
To summarize,

2=wE) = U o®=U Uown=U U ([« X n[t]).
teE t€E zeX teE zeX
Every member of E is continuous on X if and only if QCA, or equivalently
Q=A4, since always QDA.

LEMMA 6. The following statements hold:

(1) w(, :‘x)$Cw(£0, x¢) if §EEx and xEX.
(2) w(§)¢Cw(£0) if ¢EEx.

3) w(Ex)¢Cw(Ey); or equivalently, Qxé CQy.

Proof. (1) If £EEx and if x&X, then
w(E )¢ = ([2£] X N [3.£])¢ = [x88] X (N [9.£]7)¢ = [ats] X N [946]-
= [(x0)(£0)] X N [T.(£0)]~ C [(29) (£0)] X N [.4(20) ]~

= w(£0; x¢)
since D Ny,
(2) By (1),
o(®)d = (u oft; x>)$= U w28 C U w(@t; 0)
eX zeX rzeX
= LJY w(£0; 9) = w(t0).

(3) By (2),
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2xé = w(Ex)$ = (U [w(®) | £ € Ex])d = U [w(®)$| & € Ex] C U [w(20) | £ € Ex]
= U [w() |1 € Er] = w(Ey) = 9.

LEMMA 7. Let M and N be topological spaces, let f: M—N, and let x& M.
The following statements are equivalent: (1) f is continuous at x. (2) If § is an
ultrafilter on M such that Sf—x, then Sf—xf.

Proof. Clearly (1) implies (2). Assume (2). We prove (1). We suppose
without loss that Mf=N.

If §is a filter on a set 4, then F* denotes the collection of all ultrafilters
on A which contain &; whence N$*=g and if A is a map of 4 onto a set B,
then F*\=(FN)*.

Consequently, 9, CNIf) =N(MN.f)* = N.f, Ny CHN.f, and f is continu-
ous at x.

LEMMA 8. Every member of Ey is continuous on Y if and only if Qx¢=Ayr

Proof. If every member of Ey is continuous on Y, it follows from (3) of
Lemma 6 that Ay =Ax¢CQx¢CQy =Ay whence Qxd=Ay. We prove the
sufficiency.

Let nEEy, let yE Y, and let § be an ultrafilter on ¥ such that g—y. By
Lemma 7 it is enough to show that Gn—yn. By (11) of Lemma 2, {8 =7 for
some £¢EEx. Choose an ultrafilter § on X so that $OG¢~! whence Fp=G.
Now F—x;, for some x,EX, and FE—x, for some x:EX since F£ is an ultra-
filter base on X. From F¢—x1¢ and Fp = G—y we conclude that x1¢p =y. Now
(€, %) € [t | XN[FE]-C [0t ] X N[, 6]-=w(§; x)CTQx. By hypothesis
(18P, x20) = (1, %2)$EQxd =Ay whence x1£¢p =x2¢. Using (11) of Lemma 2 it
follows that Gn=F¢n=5Ftp—xsp=w:iép=x1¢n=yn. Thus Gnp—yn and the
proof is completed.

LEMMA 9. QCQ; the inclusion may be proper.

Proof. Let x€X, let tEE, and let yEN[N.£]~. We show (x£, ¥) €Q. Let
U, V be open neighborhoods of x£, y and let o be an index of X. Choose a
neighborhood W of x so that WX WCe. Since y& [WE]-, there exists a€ W
such that a¢E€ V. Choose 7EG so that xn& U and an& V. Then (xn, an)y!
=(x, a) Ea. Hence (x£, ) €Q. The proof is completed by an inspection of
Example 3.

ExaMpLE 3. Let T be 4 or ® where 9 is the additive group of all integers
with its discrete topology and @ is the additive group of all real numbers with
its natural topology, let X =T7T"U[w ] be the one-point compactification of
the underlying space of T, and let m: X X T—X be the continuous extension
of the group addition in T where wwt= « for all ¢€T. For the transformation
group (X, T, ) we have E=G\U|[\,] where A\,: X—X is the constant map
which maps all of X into [« ], =A, and P=Q=X XX.
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LeEMMA 10. If Qxé =Ay, then Ey is a group of homeomorphisms of Y onto Y.

Proof. Since Ax CPxCQx, we have Px¢=Ay. By Lemma 5, (¥, T) is
distal. Hence, by [2, Theorem 1], Ey is a group of permutations of Y. Since
AxCQ2xCQx by Lemma 9, we have Qxé =Ay. By Lemma 8, every member
of Ey is continuous. The proof is completed.

LeEMMA 11, The transformation group (X, T) is equicontinuous if and only
if E is a group of homeomorphisms of X onto X.

Proof. Lemma 11 is a corollary of [1, Theorem 3].

LEMMA 12. The transformation group (Y, T) is equicontinuous if and only if
Qxé=Ay.

Proof. The sufficiency follows from Lemmas 10 and 11. Suppose (¥, T)
is equicontinuous. Using (9) of Lemma 2 it follows that Ay =Ax¢ CQx¢é CQyr
=Ay [see Definition 6]. Hence Qx¢=Ay.

THEOREM 2. The following statements hold:

(1) If R is an invariant closed equivalence relation in X, then T is [distal]
lequicontinuous] on X|R if and only if R contains the [proximal] [regionally
proximal] relation of (X, T).

(2) The [distal] [equicontinuous] structure relation of (X, T) coincides
with the least invariant closed equivalence relation in X which contains the
[proximal] [regionally proximal] relation of (X, T). '

Proof. (1) Let R be an invariant closed equivalence relation in X, and let
A X-oX l R be the canonical map of X onto X|R. Now \ is a homomorphism
of (X, T) onto (X|R, T). By Lemma 5, (X|R, T) is distal if and only if
PxA=A(X|R). Since PxA=A(X|R) if and only if RDPx, we have that
(XlR, T) is distal if and only if RDPx. By Lemma 12, (XIR, T) is equi-
continuous if and only if QxA=A(X|R). Since QxA=A(X|R) if and only if
RD(Qx, we have that (X l R, T) is equicontinuous if and only if RDQx.

(2) This follows immediately from (1) and the definition of [distal]
[equicontinuous] structure relation of (X, 7).

DEeFINITION 11. The transformation group (X, T) is said to be locally
almost periodic provided that if x&X and if U is a neighborhood of x, then
there exist a neighborhood V of x and a syndetic subset 4 of T such that
VACU.

DEFINITION 12. Subsets ¥ and Z of X are said to be distal (each from the
other) provided there exists an index « of X such that yE€V, 2E€Z and t&€T
implies (y¢, 2t) €.

LEMMA 13. Let T be locally almost periodic on X. Then:
(1) If x, yEX such that x is proximal to y, and if a is an index of X, then
there exists a syndetic subset A of T such that that (xa, ya) Ea for allaEA.
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(2) If xEX, if ZCX, and if x is distal from Z, then there exists a neighbor-
hood U of x such that U 1s distal from Z.

(3) If x, yEX such that x is distal from y, then there exists neighborhoods
U of x and V of y such that U is distal from V.

(4) P=Q and P is an invariant closed equivalence relation in X.

Proof. (1) Let U be a neighborhood of x such that UX UCea. There exists
an index B of X and a syndetic subset B of T such that x32BC U. There exists
a syndetic subset C of T such that xCCxB. Let K be a compact subset of T
such that T=CK. Choose an index v of X so that (xi, x;) &y implies
(x1k71, 2:k~1) EB for all EEK. There exists ¢& T such that (xt, yt) Ey. Write
t=ck where c¢©C and kFEK. Then (xc, yc) = (xtk~!, ytk~) EB. Now xcE&xf
Cx6? and ye€ExcBCxB2 whence (xcb, ycb) EUX UCa for all bEB. Defining
A =cB, it follows that (xa, ya) E« for all aEA. Since 4 is a syndetic subset
of T, the proof is completed.

(2) Let a be an index such that (xt, zt) &« for all z&EZ and all t&T. Let
8 be a symmetric index of X such that 8°Ca. There exists a neighborhood U
of x and a syndetic subset 4 of T such that U4 CxB. If y& U, if 2&Z, and
if a€4, then (ya, za)&B since otherwise (xa, za) =(xa, x)(x, ya)(ya, za)
€BR*Ca which is impossible. Let K be a compact subset of T such that
T =AK. Choose an index v of X such that (%1, x;) €7 implies (%1571, x:k~1) €8
for all kEK. It follows that if y& U and zEZ, then (3¢, 2t) &y for all t&T.
The proof is completed.

(3) By (2) there exists a neighborhood U of x such that U is distal from y.
Again by (2) there exists a neighborhood V of y such that V is distal from U.

(4) By (3), P'C(Q’ whence PDQ. Since also PCQ, we have P=Q. As
remarked previously, P and Q are invariant reflexive symmetric, and Q is
closed. It remains only to show that P is transitive.

Let (x, y) €P and (y, 2) EP. We show (x, 2) EP. Let @ be an index of X.
Choose an index 8 of X such that 32Ca. By (1) there exists a syndetic subset
A of T such that (xa, ya) €S for all aEA. Let K be a compact subset of T’
such that T=AK. There exists an index v of X such that (x1, x;) &y implies
(x:1k7Y, x2k~1) EB for all kEK. Choose tET so that (yt, 2t) Cy. Write =0k
where bE A4 and EEK. Then (yb, zb) = (ytk™!, z2tk~1) €B and (yb, 2b) €B. Since
also (xb, yb) EB, it follows that (xb, 2b) = (xb, yb) (b, 2b) €EB*Ca and (xb, zb)
€a. Hence (x, 2) €P and the proof is completed.

REMARK 13. Let T be locally almost periodic on X, and let x, y&X such
that « is distal from y. Then xP is distal from yP. Moreover, some neighbor-
hood of xP is distal from some neighborhood of yP.

CoROLLARY 1. If T is locally almost periodic on X, then P is an invariant
closed equivalence relation in X and T is almost periodic on X | P.

COROLLARY 2. If X is a locally almost periodic minimal orbit-closure under
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T, then P is an invariant closed equivalence relation in X and X ] P is an almost
periodic minimal orbit-closure under T.

THEOREM 3. Let (X, T) be locally almost periodic. Then the following four
relations in X all coincide:

(1) The proximal relation of (X, T).

(2) The regionally proximal relation of (X, T).

(3) The distal structure relation of (X, T).

(4) The equicontinuous structure relation of (X, T).

Proof. Use (2) of Theorem 2 and (4) of Lemma 13.

DeriNITION 13. Let K be a circle in the plane. Then K* or K~ denotes
the positively or negatively oriented circle K. The juxtaposition of K+ or K~
and the customary notation for intervals [a, b], [a, b), (a, b], (@, b) permits
the designation of the closed, half-closed and half-open, open arcs on the circle
K with endpoints a and b. Thus K-[a, b) is the arc of K extending from a to b
in the negative direction and includes a but not b.

ExampLE 4 (Ellis). Let ¥ and Z be disjoint circles of radius 1 in the plane,
let X=Y\UZ, let 7 be the permutation of X which translates ¥ onto Z and
Z onto Y, and for each real number € let A, be the permutation of X which
rotates each of ¥V and Z through e radians. For y& Y and 0 <e<w let U(y, €)
= Y+[y, A) U Z+(y7, y\]. For 2E Z and 0 <e <7 let V(z ¢
= Z~[2, s\_)\UY~(2r, zrA_.]. Provide X with the topology such that
[U(y, e)|0<e<7r] is an open-closed neighborhood base of each, y&E Y and
[V(a, e)|0<e<1r] is an open-closed neighborhood base of each z&Z. The
topological space X is a separable first-countable zero-dimensional compact
Hausdorff space which is not second-countable and therefore not metrizable.
Let T'=4d and define the transition =! to be \;. Clearly, 7! is a homeomorphism
of X onto X. Then (X, T) is a locally almost periodic minimal set such that
P=AU[(x, xr)|xEX] and indeed x is doubly asymptotic to xr for every
xEX.

REMARK 14. Suppose (X, T, 7) is equicontinuous. Then:

(1) The enveloping semigroup E of (X, T) is a compact topological
group of homeomorphisms of X onto X.

(2) The original (point-index) topology of E coincides with the space-
index topology of E; thus E equals the closure of the transition group G
with respect to the space-index topology in the group of all homeomorphisms
of X onto X.

(3) The map o: X X E—X defined by (x, {)o =xt((xEX, £EG) is continu-
ous.

(4) (X, E, o) is an equicontinuous transformation group.

(5) If xEX, then H,=x0;'=[£|¢€E and xt=x] is a closed subgroup of
E where the motion ¢,: E—X is defined by fo,=x{((CE).
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Suppose further that (X, T) is point transitive, that is, there exists xoEX
such that [xoT]-=X. Then:

(6) (X, T) is minimal,

(7) If xE€X, then the motion ¢, maps E onto X. [Equicontinuity of (X, T)
is not needed in (7)].

(8) If x€X, then ¢;' defines an isomorphism of the transformation
group (X, T) onto the transformation group (E\H,, T) where E\H,
= [H.t|¢€E] and (H.£)t=H.(¢r")(¢EE, tET).

Suppose further that T is abelian. Then:

(9) E is abelian. [Point transitivity of (X, T) is not needed in (9).]

(10) If x€X, then H, reduces to the identity map of X, ¢, is a homeo-
morphism of E onto X, and o;' is an isomorphism of the transformation
group (X, T) onto the transformation group (E, T).

(11) If x€X, then there exists a unique group structure in X which
makes X a topological group and ¢; ! a group isomorphism of X onto E.

(12) If x€X, then there exists a unique group structure in X which
makes X a topological group and ., a group homomorphism of T into X.

Statements (1) and (2) follow from [1, Theorems 2 and 3]. The proof of
the remaining statements is rather long altogether but offer no particular
difficulty.

REMARK 15. If (X, T) is equicontinuous minimal, if x €X, and if T is not
abelian, then it may happen that H,=x0;' does not reduce to a single ele-
ment. Let X be the 2-sphere, let T be the group of all isometries of X, and
let T be provided with the space index topology. Then S.(X, T)=A; and
E=T. However, H, for x€X is not an invariant subgroup of E for if it were,
then o;' would define a homeomorphism of X onto the topological group
E\H, which is impossible.

DEFINITION 14. The structure group of (X, T), denoted I'(X, T) or simply
T, is defined to be the enveloping semigroup E(X | S., T) of the equicontinuous
structure transformation group (X ]S,, T) of (X, T); here S, denotes the
equicontinuous structure relation of (X, T). Since (X | S., T) is equicontinu-
ous, the statements (1) to (5) of Remark 14 apply to (X I S., T); if moreover
(X, T) is point transitive, then (X l S., T) is also point transitive and state-
ments (6) to (8) apply to (X l Se, T); and if also T is abelian, then statements
(9) to (12) apply to (X|S., T).

REMARK 15. The notion of the structure group of a transformation group
with compact phase space yields a partial classification of such transforma-
tion groups. In particular, a partial classification of minimal sets is provided.
For example, the minimal set of Floyd [3] has the triadic group as its struc-
ture group. The following minimal sets have the circle group as their common
structure group: the minimal set of Ellis [Example 4], the minimal set of
Jones [4, 14.24], and the various Sturmian minimal sets [4, 12.63]. All of
the above minimal sets are locally almost periodic discrete flows.
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